Abstract. In the initial conditions of the 3 + 1 formalism for numerical relativity, the transverse and trace-free (TT) part of the extrinsic curvature plays a key role. We know that TT tensors possess two degrees of freedom per space point. However, finding an expression for a TT tensor depending on only two scalar functions is a non-trivial task. Assuming either axial or translational symmetry, expressions depending on two scalar potentials alone are derived here for all TT tensors in flat 3-space. In a more general spatial slice, only one of these potentials is found, the same potential given in [1] and [2], with the remaining equations reduced to a partial differential equation, depending on boundary conditions for a solution. As an exercise, we also derive the potentials which give the Bowen-York curvature tensor in flat space.
Introduction
This article is devoted to TT tensors. These are symmetric 2-index tensors which are both transverse (divergence-free) and trace free. Therefore one has 4 conditions on 6 variables, and expects TT tensors to have 2 degrees of freedom per space point. In this article we consider TT tensors on flat space and assume that the tensor has an extra symmetry, either translational or rotational. Under these assumptions we can express all such TT tensors in terms of two free scalar potentials.
In the 3 + 1 formalism for numerical relativity, the initial conditions are given by a space-like hypersurface, with a 3-space metric γ ab and an extrinsic curvature tensor K ab , giving the embedding of the hypersurface in the space-time manifold. The decomposition of the Einstein equations however, gives a set of constraint equations for the metric and curvature, restricting the choices for 4 of the 12 components (both γ ab and K ab being symmetric 3-space tensors). In the weak-field regime, [3] , it was realised early that the true degrees of freedom consisted of a pair of TT tensors on flat space. Thus we have the desired 4 degrees of freedom, once the 4 degreees associated with the choice of coordinates are removed. One can see an immediate parallel with Maxwell's equations, where the degrees of freedom consists of two divergence-free vectors.
Even in the strong-field regime, the most successful technique for dealing with which components to constrain, and which to treat as free initial data, has come from the conformal transverse trace-free (CTT) decomposition, originally developed in [4] , [5] , [6] (see also the text books [7] and [8] ). In the CTT decomposition, a conformal transformation of the TT part of the extrinsic curvature, with respect to a conformally transformed spatial metric, is generally taken to represent two of the component freedoms of the initial conditions. Unfortunately, explicit expressions for a TT tensor, depending on two scalar functions alone, cannot be given in general, with the form of the tensor also dependent on boundary conditions. However, with the existence of a surface-orthogonal Killing field, a single scalar potential is found in [1] , with further input required for the rest of the tensor. This result is formulated in a coordinate-independent manner in [2] , using a "time/Killing-coordinate symmetry" from [9] , which sends the remaining components to zero.
Here these results are developed further, with explicit expressions found for TT tensors in flat space, depending entirely on two scalar potentials. These are derived in section 2 in both Cartesian and cylindrical coordinates, with a linear symmetry condition, and in section 3 in cylindrical and spherical coordinates, with the condition of axial symmetry. For a more general space, the scalar potential found in both [1] and [2] is derived in section 4 in cyindrical coordinates, for axially-symmetric tensors. Though a second potential cannot be found explicitly, the remaining equations are reduced to a second order partial differential equation in two of the remaining components. For the flat axially-symmetric tensors already derived, the choice of potentials which give the Bowen-York curvature tensor [10] are computed in section 5.
Throughout the paper, the existence of the spatial integrals of the tensor components is assumed, and in most cases double spatial integrals.
Flat Space TT Tensors with Linear Symmetry
We begin with linear symmetry. Of course, this is a much less interesting case than axial symmetry, because we lose the possibility of asymptotic flatness. We do this because the calculations are easier and also help us understand what needs be done in the axial symmetry case. The calculations are much easier if one uses coordinates which reflect the underlying symmetry, and with translational symmetry, the natural coordinates are Cartesian and cylindrical polars. Transverse and trace-free tensor expressions are thus derived in both Cartesian and cylindrical coordinates. As desired, the Cartesian expression is dependent on two scalar potentials alone, while the cylindrical expression contains an integral, as well as a function of integration. A coordinate transformation is performed to relate the potentials in the two coordinate systems, showing how to write an expression in cylindrical coordinates which has no integral and no function of integration.
Cartesian Coordinates
In Cartesian coordinates (x, y, z), the flat 3-space line element is given simply by:
with completely vanishing connection coefficients. Now, a symmetric two-index tensor T ab is invariant along a Killing vector field η a , if and only if its Lie derivative with respect to that vector field is zero:
Taking the Killing vector to coincide with the coordinate vector z, (2) reduces to:
giving a simple condition for T ab to be linearly-symmetric. Combining this condition with the equations for T ab to be transverse and trace-free:
By the equivalence of mixed partial derivatives, (4a), (4b) and (4c) then imply the existence of scalar potentials P , Q and S, with:
Also, since T ab is symmetric, the expressions for T xy in (5) and T yx in (6) can be equated, implying the existence of another potential R, with:
Substituting (8) into (5) and (6), and using (4d) to find T zz , the tensor T ab is given in matrix form by:
depending on the choice of the two scalar potentials R and S alone. Of course, it is assumed that R and S are independent of z. This expression is then transverse, trace-free, and linearly-symmetric along the z coordinate.
Cylindrical Coordinates
In cylindrical coordinates (ρ, φ, z), the flat 3-space line element is given by:
with non-zero connection coefficients:
With the divergence of a tensor T ab given by:
the transverse and trace-free conditions for a symmetric tensor T ab , along with the condition of linear symmetry along the z coordinate from (3), are given by the equations:
Firstly, (13c) is manipulated:
and by the equivalence of mixed partial derivatives, there must exist a scalar potential Y L , such that:
Similarly with (13b):
and again, by the equivalence of mixed partial derivatives there must exist a scalar potential X L , such that:
Finally, beginning with (13a) and substituting from (17):
noting the addition of a function of integration, depending on φ, but not ρ (or z).
Transverse, trace-free and linearly-symmetric tensors in flat space can then be given, in cylindrical coordinates, by the matrix expression:
with two scalar potentials X L and Y L , and a function of integration f L (φ).
Coordinate Transformations
Since both (9) and (19) give expressions for the same type of tensors, but in different coordinate systems, the potentials from each should be related. A coordinate transformation is therefore performed, and since the Cartesian expression depends on the desired two potentials alone, we transform (9) into cylindrical coordinates. To begin, the derivatives of R and S with respect x and y are first found in terms of cylindrical coordinates, by use of the chain rule, giving:
These expressions are then substituted into the transformation of (9) from Cartesian into cylindrical coordinates:
giving a new expression for a linearly symmetric TT tensor in cylindrical coordinates. In matrix form:
dependending only on the two scalar potentials R and S, with no funtion of integration. Comparing (19) with (22), the T ρz and T φz terms can easily be seen to give an equivalence between the potentials Y L and S. Equating each of the remaining terms, and using integration by parts, an expression can also be found for the potential X L in terms of R:
There is also a general solution for the ordinary differential equation in R, giving:
Note also the function of integration h L (φ).
Flat Space TT Tensors with Axial Symmetry
The techniques of section 2 are used in this section to derive expressions for an axiallysymmetric TT tensor, in both cylindrical and spherical coordinates. A similar relation to (23) is also found, transforming the tensor in cylindrical coordinates into an integralfree expression. A coordinate transformation is then carried out on this expression, to allow us do the same in spherical coordinates.
Cylindrical Coordinates
In this section, the cylindrical coordinates are given in the order (ρ, z, φ), for easy comparison with the spherical coordinates (r, θ, φ). However it must be noted that this order produces a "left hand orthogonality", reversing the sign of the Levi-Civita tensor. The flat 3-space line element, in these coordinates, is given by:
with its non-zero connection coefficients, as with (11):
For a symmetric two-index tensor T ab to be axially symmetric, the Killing vector field η a from (2) can be taken to coincide with the azimuthal coordinate vector φ, giving the condition:
The transverse and trace-free conditions for a symmetric tensor T ab , along with the condition of axial symmetry, are then given by the equations:
By the equivalence of mixed partial derivatives, (28b) and (28c) respectively imply the existence of scalar functions X A and Y A , with:
Then using (28d) and substituting from (29) above, (28a) becomes:
again noting the function of integration, depending here on z, but not ρ (or φ).
Transverse, trace-free and axially-symmetric tensors in flat space can then be given, in cylindrical coordinates, by the matrix expression:
depending on the two scalar potentials X A and Y A , and the function of integration f A (z).
Spherical Coordinates
The flat 3-space line element, in spherical-polar coordinates (r, θ, φ), is given by:
and the non-zero connection coefficients by:
Imposing axial symmetry from (27), the conditions for the symmetric tensor T ab to be both transverse and trace-free are given by the equations:
Beginning with (35a), and removing the T θθ and T φφ terms with (35d):
and by the equivalence of mixed partial derivatives, there must exist a scalar potential V such that:
Now taking (35c):
and again, by the equivalence of mixed partial derivatives, there must exist a scalar potential W such that:
Finally, using (35d) to simplify, (35b) gives:
noting a function of integration, similar to the cylindrical coordinates, depending here on r but not θ (or φ).
Hence, transverse, trace-free and axially-symmetric tensors in flat space can be given, in spherical coordinates, by the matrix expression:
depending on the two scalar potentials V and W , and the function of integration g(r).
Removing Integrals
Since the tensor in cylindrical coordinates has a similar form to the linear symmetry case, a relation based on (23) has been found between the scalar function X A and a scalar potential R A :
giving a new form for an axially-symmetric T T tensor in cylindrical coordinates:
with no integrals, and as a result, no function of integration. An expression for the potential R A in terms of X A can also be found from the general ordinary differential equation solution for (42):
noting the function of integration h A (z), similar to (24).
To find an axially-symmetric TT tensor in spherical coordinates, without the presence of an integral, a coordinate transformation can be carried out on (43). As with the linear case, the derivatives of the cylindrical potentials R A and Y A are found with respect to r and θ using the chain rule:
The components of T ab are then transformed from cylindrical to spherical coordinates, giving the spherical components in terms of R A and Y A :
These then give an integral-free expression for an axially-symmetric TT tensor in spherical coordinates:
depending on R A and Y A alone, with no additional functions. This can be compared with (41) to show an equivalence between the cylindrical potential Y A and the spherical potential W . It proves a little more difficult however, to find a direct relation between V and either R A or X A .
General Space TT Tensors
In this section, the flat space metric is replaced by a more general spatial metric with an axial symmetry. The conditions for an axially-symmetric two-tensor to be transverse and trace-free are given, but only one scalar potential can be found using the techniques of the previous two sections, coinciding with that given in [1] and [2] . The remaining equations are reduced to a second order partial differential equation in two of the components.
Metric and Tensors with Axial Symmetry
A general axially symmetric 3-space metric can be given by the Brill wave metric (3) of [11] , which was credited there to H. Bondi. This is geometrically equivalent to the metric used in [1] , with a related set of functions. In cylindrical-polar type coordinates (ρ, z, φ), the conformal part of this metric can be expressed as:
for a differential function q(ρ, z) such that:
and that q decays faster than 1 r at infinity, and is reasonably differential. The non-zero connection coefficients for this metric are then given by:
and the conditions for a symmetric tensor T ab to be transverse and trace-free with respect to (48), along with the condition of axial-symmetry (27), are given by the equations:
Working from (51c):
and the equivalence of mixed partial derivatives implies the existence of a scalar potential w such that:
With the space-time assumed to have a "time-rotation" symmetry, these components are shown in [9] to give the only non-zero components of the extrinsic curvature. In this case, the tensor agrees exactly with the curvature given by [2] . The components given by (53) can also be seen to agree with the corresponding curvature components of [1] , and if q = 0, i.e. the metric is reduced to a flat space metric, (53) is also equivalent to (30) from section 3.1.
Equations for Remaining Tensor Components
Manipulating both (51a) and (51b) similar to section (3.1), using (51d) to remove the T φφ component from (51a):
where there remains three tensor components in each equation, rather than the two required for the techniques used previously. However both equations do contain similar terms for the T ρz component. Taking (55) first, and bringing all of the T ρz terms to one side:
Since the T ρz terms have derivatives with respect to ρ here, and z in (54), both sides are integrated with respect to ρ:
Taking now (54), and again bringing the T ρz terms to one side:
With both sides of (58) integrated with respect to z, there is still a difference with (57), however the missing term can be given by first adding a term involving the derivative ∂ z ρ 2 , which itself evaluates to zero. Hence (58) is equivalent to:
Since the left hand sides of both (57) and (59) are equivalent, the right hand sides can be equated to give a single equation, depending on T ρρ and T zz alone:
Differentiating both sides with respect to both ρ and z, gives a second order partial differential equation in T ρρ and T zz :
Unfortunately, finding a relation between the components T ρρ and T zz involves solving this equation, requiring two separate boundary conditions to give a unique solution. Assuming enough information is available to solve (61), the relation between T ρρ and T zz can be used, along with any boundary conditions, to solve either (54) or (55) for a relation involving T ρz . The full tensor can then be found using (51d), depending on the potential w, and a potential obtained from the relations between T ρρ , T zz and T ρz .
Linear Momentum Part
Taking now, the angular momentum to be zero, the conformal Bowen-York extrinsic curvature is given by:
where P a denotes the linear momentum of a single source, q a the unit normal to a sphere of constant radius and a an arbitrary constant. This can only give an axiallysymmetric tensor, if the momentum is directed along the axis. Hence, in cylindrical type coordinates (ρ, z, φ), the linear momentum vector and unit space-like normal q a are given by:
giving the non-zero components of the conformal Bowen-York curvature as:
with r = ρ 2 + z 2 , and the vanishing components showing the potential Y A to be a constant.
Working firstly with the potential X A and the expression (32), the "ρz" components are equated with those of (70a) with indices raised:
and equating next the "zz" components:
Carrying out the two sets of integrals, noting that r = ρ 2 + z 2 , gives:
A constant of integration can also be added, but as with (66), it does not have an influence on the tensor. To find the corresponding expression for the potential R A of (43), the relation (44) between R A and X A is used:
Although functions of integration of the form:
can also be added, where k is the constant of integration from (73), these will all be cancelled or differentiated out when forming a tensor using (43). The two solutions for the Bowen-York curvature can be combined, with both momenta directed along the z-axis, and the choice of scalar potentials for (32) and (43) given by: 
Due to the relation with the Bowen-York curvature, in general X A , R A can be considered to represent a linear momentum and Y A an angular momentum, when used with (32), (43) for an axially-symmetric TT tensor.
Conclusion
In flat 3-space, expressions have successfully been given for transverse trace-free tensors in different coordinate systems, with both linear and axial symmetries, depending on only two scalar potentials. In a more general axially-symmetric 3-space, a single potential has been derived, equivalent to [1] and [2] , for two of the components. For the remaining components, the TT conditions have been reduced to a second order partial differential equation, requiring boundary conditions to be solved. The axiallysymmetric flat space tensors have also been compared with the Bowen-York curvature, and specific choices of the potentials shown to give the Bowen-York curvature. There is also a distinct relationship between each of the potentials, and either the angular or linear momentum of the Bowen-York space. The expressions derived could however benefit from a coordinate independent form, in line with that given in [2] . An expanded version of some of the content can be found in [13] .
